Quasistatic magnetic field generated by a short laser pulse
in an underdense plasma
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The quasistatic magnetic field generated by short laser pulse in a uniform rarefied plasma is found
analytically and compared to that of two-dimensional particle simulations. It is shown that an
axisymmetric laser pulse generates an azimuthal magnetic field the structure of which is rather
complicated inside the laser pulse body. Behind the pulse in the wake region the magnetic field
contains a component that is homogeneous in the longitudinal direction and a component that is
oscillating at the wave numberkg, wherek, is the wave number of the plasma wake. Particle
simulations confirm the analytical results and are also used to treat the case of high intense laser
pulses. ©1997 American Institute of Physid$§1070-664X97)00212-7

I. INTRODUCTION generation of quasistatic magnetic fields takes place in fourth

order with respect to parameteg/c, wherevg andc are

Recent progress in the generation of extremely iNteNnSg,e ejectron quiver velocity and the light velocity, respec-
short laser pulsessee, for example, Ref) has stimulated & yely we find that a linearly polarized laser pulse with an

great interest in the problem of their interaction with matter'axisymmetric envelope generates an azimuthal magnetic
In particular, the self-generation of quasistatic magnetige|y. The structure of this magnetic field inside the laser
fields is a subject of increasing attention. Using the termy, ise hody depends essentially on the pulse shape. In the
“quaS|st'at|c” we mean mag'netlc fields with slqw.vanatlon wake region, in a frame moving with the pulse, the magnetic
on the time scale of the period of the laser radiation. field contains a component that is homogeneous in the lon-

Recently, self-generated magnetic fields of a few huny;iy,dinal direction and is due to the steady current produced

dred megagauss have been revealed in numerical simulatioB§ the plasma wake field, and a component that is oscillating

of ultraintense laser pulse interaction with an overdense nons; the wave numberk2 , wherek,, is the wave number of
. . . . b p
uniform plasm&. The physical mechanism responsible for ihe plasma wake, a known property of nonlinear plasma

such great magnetic fields was discussed by Stdanan \ve<89 Numerical particle simulations confirm the analyti-

underdense inhomogeneous plasma the nonrelativistic tWos, resyits and are also used to treat the case of high intense
dimensional treatment of self-generated magnetic fields wag gy pulses withy ¢ /c=1.

presented by Tripathi and LuiThey showed that an ampli-
tude modulated laser beam propagating along a plasma den-
sity gradient produces a rotational current that gives rise to a
quasistatic magnetic field. An analogous mechanism wali- BASIC EQUATIONS AND APPROXIMATIONS
. . . 5
considered earlier in the paper of Dysteeal,” where the We begin our considerations with the Maxwell's equa-

nonlinear mixing of two electromagnetic waves in nonuni- . . . T
. . tions and the hydrodynamic equations for a relativistic cold
form plasma was examined. Another mechanism of magnetic

field generation in a rarefied uniform plasma was disc:usseglecmn fluid(see, for example, Ref)8

by Bychenkowet al® They investigated a circularly polarized 1 9B
pulse for which the generation of a low-frequency electro- ~ VXE=———-, ()
magnetic field is due to the inverse Faraday effect. In the
extreme relativistic regime the magnetic field generated by 1 0E A4dme
the laser beams in underdense plasma was studied numeri- VxB= EE”L e (Ngtn)v, 2
cally recently’

The main objective of this work is to investigate self-  V.E=4men, V-.-B=0, ©)
generated quasistatic magnetic fields, both in the laser pulse
body and behind the pulse in the region of the wakefield. We P _ €
treat the laser radiation as linearly polarized and the plasma E+(v-V)p—eE+ c (vxB), @
as uniform and underdense. Our analytical work is based on 5
a perturbation theory applied to the set of relativistic cold n _
electron fluid equations and Maxwell's equations. The self- E+V-[(n+no)v]—0, ®
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2\ —1/2 2
v a4 2 2
p=mv 1—? , (6) W+C VXV xq+wyq
whereng is the density of ions that are supposed to be im- c_d(, 1, 2 wﬁ )
mobile, single charged, and uniformly distributed in space, =5 Va|la g0tz a =4
is the difference between the ion and electron densipes, )
andv are the momentum and velocity of the electron fluid, _cal1- qQ- V. 9q (12
respectively, ande and B are the electric and magnetic q 2 ot

fields. . . .

The full system of Eqs(1)—(6) can be reduced to one We examine the nonlinear equati¢h?) orq_er by order
equation for the dimensionless electron fluid momentund POWers of the small parametesg/c) by writing
q=p/(mc).'° To prove this statement we take the curl of Eq. =ar+ 0o+ Qat 13
(4) and use Eq(1) and the expression 4= G2 7 Gs ™ fa. (13

, where the valuey,, determines the electron fluid momentum
vXVxgq=cVyl+qg—(v-V)q. of the nth order.
As a result, we obtain the equation for the generalized vor- Itis evident that the first order of E¢L2) corresponds to

ticity Q=cV xq+eB/(mc) in the following form: the well-known linear approximation,

e

Q) g 2 2. _
In accordance with Helmholtz's theorefhthe vectorq;
may be decomposed into two pads=q"%+q\, such that

% -q'=0 andV x¢°"=0. For the rotational paq! Eq. (14)
has the form

According to(7) the flux of the generalized vorticity through
an arbitrary surface bounded by a contour moving togeth
with the fluid is constan{Kelvin's theorent?). Therefore,
provided that the valu€) is zero initially before the pulse
appears, it is zero for all subsequent times, and consequently 52q

oB —7 —CAq+ wpal=0. (15)
—=-cVxaq. (8

mc The irrotational curl-free pam;'f”g satisfies to the equation

Substituting Eq(8) into Eq.(4), we obtain an expression for ﬁquong
the electric field in the form Ttlz_ + wgq'f”gz 0. (16)

Jq

eB _ V1+0g2+
e q*+

= 9) In particular, Eqs(15) and(16) describe the transverse and
mc

longitudinal waves in a plasma, which in the linear approxi-
Then, in accordance with Poisson’s equatiBhwe find the mation are uncoupled and propagate independently of one

electron density, and another. o o
In the linear approximation, a laser pulse propagating in
aq a homogeneous unmagnetized plasma is a transverse electro-
E+CVV1+Q ' (10 magnetic wave. Therefore, we are interested in rotational
first-order plasma motion witW -g;=0. To simplify the no-
where w,= Jame’ny/m is the electron plasma frequency tation we omit the superscript “tr” below.
determined by the ion density. Keeping in mind the conditioW -q, =0, we obtain from
Taking the temporal derivative from E¢Q) and using (12) the equation foq, in the form
Egs.(2), (8), and(10), we obtain an equation involving only

¢ v
—:—2 .
no wp

the dimensionless electron momentagn ‘972:123 + G2V XV Xqy+ 0l = — g V% o 17
’q . w? . g . .
— +c°VXVxq+ The gradient form of the driving term in the right side of Eq.
ot Vi+g? (17) imposes the conditiolV xq,=0. This means that the
second-order magnetic fie[dee Eq.(8)] is absent. Thus, in
=—¢ 9 V1+g%- cq V. a_q+cv\/1+—qz _ homogeneous collisionless plasmas the solenoidal electro-
ot J1+g? ot magnetic wave does not generate a magnetic field in second

(11) order. Second-order dc magnetic fields can be generated by
factors that are not present for short laser pulses and are
In this paper we are interested in the weak nonlineaignored in our analysige.g., by collisions of electron$;**
limit when the electron fluid velocity g is substantially less plasma inhomogeneif{>® irrotational form of the zeroth-
than the light velocityc. We then expand Eq(11) with  order electric fiel&4.
respect to parameteg<l up to fourth-order terms and The solution of Eq(17) satisfying the absence of per-
present the result in the form turbations in front of the pulse has the form
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C t ' I, Equationg23) and(24) can be transformed to forms that
gu(r,t)y=— Z0p VJlmdt' sifwp(t—t")] g qa(r,t’). are more convenient for analysis. For this reason we intro-
(19) duce the dimensionless function

In accordance witl{12), the equation for the third-order ¢(r't):wpr dt’ Sir{wp(t—t’)]qf(t’,r), (25)
value g has the form —o

#q which is the solution of the equation
2+ 2V XV X Qs+ 0203 2
Tz +a)p¢=wpql.
— J 1 5 2 2 902
=—CV - (G2 G2) + 0| 5 (wp—CcA)g—cV- —= ). Then, in accordance with E¢18), we have
c d
(19 G v 26)

2= 2
This equation may be used to study third harmonic genera- 20p

tion. Recently, this problem was discussed for short laseBubstituting(25) and(26) into Egs.(23) and(24), we obtain,
pulses in several papetfsin addition, Eq.(19) determines after a few simple manipulations,
the nonlinear second-order frequency shift in the dispersion 2
: o ecng d¢
relation of the laser radiation. j1=—— (V —
In our aim to investigate the magnetic field, we need to 4wy at
know V-qs. From Eq.(19) we obtain for this quantity the gnqg
following equation: e t
2 jo=—ecny) (d1-0z) — — Af dt’ sifwp(t—t")]
3_+w'2) V’Q3=ql'V<% (wg_CZA)qi_CV- &qz) { @p S i

2 C2
(ql_?AQS)v (27)

p

at? It
c [t
i Kat) a(t)]- 3 | dt cogay(t-t)]
—Co A(d:-02). (20) —o

2
c

The solution of Eq(20) is quite similar to Eq(18) and has X Q1(t')'V(<ﬁ(t' -2 Ad)(t'))”- (28
the form P

1 (2 lll. QUASISTEADY NONLINEAR CURRENT
s (o
2 p

1 (1 _
V.qszw—f dt’ sn‘[wp(t—t’)](qlv
pame For the first-order functior; determining the form of
the laser pulse in the linear approximation, we assume

ay(r,t)y=3a(r,t)exp —iwt+ikz)+c.c], (29

a2

—c2 2_oy. —=
c°A)gi—cV pn

d
—C o A(ql-q2>], e

where the values; andq, have to be evaluated at timé. ~ Where c.c. denotes the complex conjugate. The laser pulse is
The equation for,, being analogous to Eq19), de-  taken to be propagating along tkeaxis in the positive di-
scribes the generation of the second, third, and fourth hafection,» andk are the frequency and wave number that are
monic radiation as well as the excitation of the fourth-orderrelated by the dispersion lak’c’= w®— w5, a is the com-
quasisteady magnetic field. Because the last problem is tH@ex amplitude that is supposed to be a slowly varying func-
focus of our interest, we present here only the equation fotion both in time on the laser radiation periodr{2») and in
B,=—(mc¥e)rot qq, space on its wavelength {Zk).
In the lowest approximation with respect to spatial and

9°B ivati ' '
S CAB+ w2B=47CV X(j1 ), 22) temporal derivatives of the amplitude we obtain from Eq.
at P (15),

where we have omitted the subscript in the magnetic field ‘9_3 Ja

. —=0, 30
(B=B,) and decomposed the fourth-order current into two  dt Ve 5z (30)

components, one of which is proportional to the veaer

=c2 i i
and has the form where v =c“k/w is the group velocity of the pulse. The

solution of EQ.(30) is an arbitrary function of the variable
mc 1, ) 9 §=v4t—z, representing the axial coordinate in a frame mov-
=7 Clz(E (wp—Cc?A)gi—c E V-qz). (23)  ing together with the laser pulse, and of the variable
determining the coordinate in the plane transverse to the di-
The other component is proportional to the veaipand has  rection of propagation of the laser pulse. In this paper we
the form consider the nonlinear plasma response to a pulse of a given
unchanged form. Hence, we omit the effects of the diffrac-
tion and dispersion, arising as a result of the second spatial
and temporal derivatives of the slowly changing amplitade

= 2—c?A v 24
J2= = 75 ta| (@p=C°A)(Gy-Q) —C - V03 ). (24)
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We also ignore the influence of nonlinear effects on a pulse. On the basis of calculations presented in Appendices A
Our justification for this is that the neglected effects causeand B, we conclude that the main contribution to the quasi-
the pulse envelope to change slowly. Our calculation of thesteady current comes from the slowly varying quangiy,
magnetic field will thus apply to the case of a pulse withand thus,

specified basic parameters, e.g. width, duration, amplitude.

. . ) __ecn dgo\(lal? c?
Using Eq.(29), we find that the functio? has the form = 0 ZR0
gEq O ] Eg— 2 ;gmﬁo : (37
a5=3al?+ H[a? exp(— 2i ot + 2ikz) +c.c], (3D

where the overbar indicates that this current is a slowly vary-
eing one. All other terms in the curregtcontain additional

where the first term varies slowly both in space and in tim ional h £ th I
as opposed to the second one containing rapidly varying exctors proportional to the square of the small parameters

ponential factorgsecond harmonigsAs a consequence of indicateq abovgsee Eqs(A7) and (AZO)]' .
Eq. (31) the function¢, defined by Eq(25), contains also Behind the pulse, the flﬂnCt'OmZ) determines the
two terms (= o+ b,) with the analogous properties. The plasma wake excited by a pulseln the wake itself, Eq(37)

slowly varying componen, has the form reduces to
__ ec'ng ( 5‘1"0)
w t I ’ ' 1=——7 V A¢ . (38)
do=3 | ot st llacrO (32 dog |V |

The current(38) may be represented in another forjm,
while the second harmonic tergh, is given by =env,, wheren; andv, are the electron density and ve-
locity perturbations in the plasma wake. Therefore, in accor-
_% t . o 200) - dance with Eq(22), the quasistatic part of magnetic fieid
2 4 ffwdt sifwp(t—th)J[a%(t’,nexp(—2iwt is determined by the equatidsee also Ref.)8

. @
+2ikz)+c.cl. (33 ( B=4mecVnXv;. (39

_ 2 2
EZ CA"F{,Up

The integrals in Eq(33) contain the product of functions o o
with quite different temporal dependences. The factors exp | Ne origin of the magnetic field in Eq39) has a form
(+2iwt’) are changing significantly faster than the otheran@logous to the one considered in Refs. 4, 5, where an in-
functions. Hence, after repeated integration by parts, we afg®mogeneous plasma was investigated. However, in these
able to find the resultanp, in the form of a power series in Papers the background plasma inhomogeity produces the

»~1. The general expression of this procedure has the forrfl€ctron density gradient, whereas in our case the density
perturbations are produced by the plasma wave.

t -
f dt’ F(t)e '

« i\ IF(t’
o+ 3, -5 [ %)
n= t=t

IV. QUASISTATIC MAGNETIC FIELD: GENERAL

LI (34 RELATIONS
w

We now specialize our considerations to a steady
whereF (t) is supposed to be some slowly varying function @isymmetric laser pulse. Introducing the new variable

in time on the scaley 1. =v4t—2z, we rewrite Eq(32) in the form
By means of(34) we can calculatep, to any accuracy k. (¢
with respect to the operatat/(wdt). Further, substituting ¢>o(r,§)=§pJ d¢’ sir{kp(g—g’)]|a(§’,r)|2, (40
the function¢ in Eq. (26) and taking into account the opera- o
tions where k,=(w,/vg) is the plasma wave number, is the
Kz Kz radial variable. In this case the curre(®7) contains only
V(Fe™)=e"(ike,+ V)F, (39 axial and radial components, which, under the conditign
and =c, are
— ecny Py,
_ _ d =——F — [(ki—A , 41)
A(Fe?)=e™?| —k2+2ik —+A|F, (36) ST [~ A1) ol (
, , _ _ _ — ecny o,
we can find the functionj,. Using the expressions obtained = TroE [(kg—AL) ol (42)
P

for ¢ andg, and also Eqs34)—(36) we are able to calculate
the currentg27) and(28), including all their harmonics. Our where A, =r~1(a/ar)(raldr) is the transverse part of the
interest is restricted here to the quasisteady cufmarb har- Laplace operator.

monic). Further, we limit ourself to the second-order terms  As it turns out, only an azimuthal component of the
with respect to the small parameters/(wdt), w,/o, magnetic fieldB,,=B exists in our case for which, in accor-
dl(kdz), andk™! V,, where the operatoW, means the dance with Eqs(22), (37), (41), and (42), we obtain the
spatial gradient in the transverse direction. equation
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meny and a component that is oscillating at the wave numlsgr, 2
A,———-1|B= e F(&.p), (43 wherek,=w,/c is the wave number of the plasma wake.
p . . . .
P This same conclusion was obtained in Refs. 8, 9 as a prop-
where p=kyr is a dimensionless radial variabled, erty of a nonlinear plasma wave.

=p Yl dp)(paldp), and The magnetic field45) may be substantially simplified
e P o ((1_A )%)_i‘éoi for a laser Sulsi of the form
d&ap PaE ] aE° ap [a(&,r)|*=agf1(&)fa(r), (50)
X[(1=A,) ¢l (44 where the valueai=(|vZ ./c?) determines the peak nor-

malized radiation intensity in the pulse. The functidhsand
f, are normalized to 1 and determine the pulse profiles in the
longitudinal and transverse directions, respectively. Substi-

The solution of Eq(44), satisfying boundary conditions
B(p=0)=B(p—>)=0, is given by

e o tuting (50) into Eq. (40) and then th It in Eq44),
B wkgno (Il(p)J’p X dx Ke(X)F(Ex) oubl[z?n( ) into Eq. (40) and then the result in E¢44), we
de)\? d?
+K1(p)fpx dx Il(x)F(g,x)), (45) F(é.p)=ag d—?) gi—¢ d—; 92}, (5
0

wherel, andK, are modified Bessel functions of the first Where
and second kinds, respectivefy. K r

It is seen from(45) that the axial dependence of the (p(f)ZEp J d§’ sinky(£—§")1f1(&") (52
magnetic field is determined by the functién In turn, the -
functionF depends on the functiogh,, which is determined df d
by the axial form of the pulse. Therefore, the axial variation glz_z [(1-A)f2], g=f, —[(1-A)f,]. (B3
of the magnetic field inside a pulse depends essentially on dp dp
its form. However, behind the pulse, where the functi4o) Inserting(51) into Eq.(43), we find the magnetic field as
determines the plasma wake excited by a pligie axial 3 difference of two terms:
variation of the magnetic field is universal.

To prove this statement we suppose that the back pulse _ 7ehy | (de ZG _( de G ”
boundary is situated bg=L. Then, behind the pulse K Al | ag 1(p) ¢4 2p)|, 59
>L, the function(40) has the form

where
$o= sin(kpé—0), (46)

where ¢ and 6 are the amplitude and phase of the plasma lez(p)=|1(p)f X dx Kq(X)gq AX)
wakefield, respectively, P

Y=Yt 5, tan6=(y1liy), (47) +K1(p)fpx dX 13(X)g1 AX). (55)
where ¢, and ¢, are determined by the longitudinal pulse °
profile Every term in Eq.(54) contains the product of two factors.
KoL Each of them depends only on one variable and may be
Y= f de’ sinky¢)la(¢’p)l?, calculated by means of Eq&2) and(55).
2 )« (49) Behind a pulse of the fornt50), expression(49) and,

L consequently, the magnetic field5) may be also simplified
__p ’ ’ ’ i i i
ry=— f_ dé’ cogkye)la(é’ p)|2 cion25|derably. In this case, according t¢48), ¥,
* =agfa(r)d1L), where
Substituting(46) in (44) we find, after some manipula-
tions,

kp L ! 1 ! !
=2 [ de sinkeeta(e,

k2 56
F(p. )= 2 {[42— 0 A+ 120%] +cog2(ko— 0)] 9
_kp L ’ ' ’
XLW(A, ) — (A, )"+ Hy?) (8)2 =% f,wdf coskpg)f1(£7):
— (90’ 1+sin2(kpé— O)1[24(y' 6")' From Eq.(47), it follows that
=20 (") + (A ,0)' T}, (49 )
y=agf(r)f, tan6={_,/¢,, (57

where overscrigtdenotes the differentiation gm

Therefore, in the frame moving with the pulse, the mag-where {= \/glz+ 522. Taking in mind that in the case under
netic field, in the region of the plasma wakefield, contains aconsideratiord 6/dp=0, we find by means of Eq$49) and
component that is homogeneous in the longitudinal directior{45) the magnetic field behind the pulse,
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al 2 where a?=2(k,r,) "2, andr_is the effective width of the
B=men, e {(G1+Gy)+cod2(k,é—6)] pulse. Substituting61) in (53), we obtain
p
X (Gy—Gy)}. (58) g,=—2a’p(1+4a’—4a’p?)exp — 2a%p?), (62
So, to find the magnetic field in an evident form we have  g,= —2a2p(1+8a2— 4a’p?)exp —2a%p?). (63)

to evaluate the functionfs andf,, to calculate the integrals ) )
(55) and (52) [or (56)] to make the operations indicated in In accordance with Eq55), the functionsG; Ap) have an

Eq. (54). integral representation. Simple explicit forms of these may
be obtained both for narrowef>1) and for wide @?<1)

V. QUASISTATIC MAGNETIC FIELD: EXPLICIT pulses.

ANALYTICAL RESULTS In the case of a narrow pulse the functians, are small

for p=1 as the factor expf2a?p?) is small. Therefore, the
aregion p<<1 gives the main contribution in integra(85),
fy\/here the simple expressions,

In this section we consider the example of a pulse with
form allowing explicit analytical results for the magnetic
field. The longitudinal envelope of the pulse is taken to be o

the same form as in our numerical simulations, p 1
li~5, Ki=-—, 64

f1(&)=sir(m¢/L), (59 = M 64
where we assume that the pulse is situated in the region Qre valid for the Bessel functiort8 As a result, fora®>1,
<¢é<L and the valud. determines the pulse length. the functionsG; , are given by

Substituting(59) into Eq. (52), we find '

2 <o Kok o o[ kit Ga(p)= - (25— pky— P o2 (et
= il = — il — 8 2 '

¢ 2(kf—k;) {k,_ S|n2< 5 ) kg sir? 5 ”, (60) ap
wherek, =2#/L. By means of Eq(60) we are able to de- G,(p)= (1+4a?) (efza2p2_ K,)— a_zp e—2a%?
termine both those factors in E¢54), depending on the 2P 8a’p PRUT '
longitudinal pulse form. (66)

In the_transverse direction we assume the pulse shape to In accordance with Eq€60) (65), and (66) the dimen-
be Gaussian, : P

sionless magnetic field inside the body of a narrow pulse has
fo(p)=exp —a?p?), (61)  the form
|
eB a5 N (kpg S(k@) Kp (k@) S(kps 21 22
= — —2a°p% gin 22 2| - Pginl —2 22+ = — @ 2a%
mcwp 32[1—(k§/kf)]2 [a pe sin 5 co 5 K, sin 5 co 5 p (pK{—e )
k2 k & k& k & k&
Pl ZES ) gl ZP2 i?| 2o g2 2PS
X i S|n2( > ) S|n2( > ) [smz( > ) S|n2( > ” . (67)

Behind the narrow pulse in the wake region, we find, by  In the case of a wide laser pulse3<1), the integrals
means of Eqs(56), (57), (59), (65), and(66), the magnetic (55) can also be evaluated and the functi@sandG,, as

field in the form it is shown in Appendix C, have the form
5.2 (1_ 2 4 2\ A —2a%p?
eB aggz po? a2, 1( . e*Zazpz) Gi=—2a‘p(1-12a°+ 12a"p“)e P, (70
=g |2ap — (pKy—
mcwy, 16 p Tt G,=—2a?p(1-8a2+12a%p?)e 227",
valid to terms ofa* order. Then, the leading term in?
X{1-cog2(kpt = O)1} |, (68) determining the magnetic fiel&4) inside the pulse body can
be written as
where eB  ala?p exp—2a%?) [ | (kpg) S<kLg)
=- sinl ——|cog —
, sif(k,L/2) koL ©9 mcw, 8[1-(k,/k)*]* 2 2
CA[1-(kp /KD T 2 Ko  [Keé)  [Kkeé)\]?
- k— SN 7 co 7 . (71)
Equation (68) was obtained earlié® As can be seen, L
Egs. (67) and (68) coincide at the pulse boundary whefe Inserting(70) into Eq.(58), we obtain the magnetic field
=L. behind the pulsé®
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FIG. 1. Magnetic field generated inside a laser pulgg€10) and in the F|G-_22' The magnetic field for a wide laser pulgr, =6.28, a*=5.07
laser wake Kp6>10) for a narrow laser pulsekr, =0.3) and a relatively X107%, 2p=0.2.

low intensity @,=0.04). The plot shows the normalized magnetic field

versus the dimensionless longitudinal variable taken at the distigrce

=p=0.14 from the pulse axis, where the amplitude of the magnetic fieldis  If we increase the laser intensity in this narrow pulse
maximum in the wake region. The inset illustrates the radial form of thecase’ we observe that the agreement between the theoretical
magnetic fields fok,&=13.2. J . . .
predictions and the simulation results is brokendgrof the
order of 0.2, for which radial breaking of the plasma oscil-
lations occurs.
Figure 2 shows the magnetic field of a wide?

=5.07 10 2 or k,r = 27) and more intensea=0.2) pulse.
) The parameters are otherwise identical to those shown in

—2a” cog2(kpé—0)]}, (72) Fig. 1. We again obtain good agreement between the simu-
where the valueg? and ¢ are determined by Eq69) for the  lation results with the analytical ones. In accordance with Eg.
pulse shape considered here, and where we have kept terf’®, the amplitude of oscillating part of magnetic field is
up to «* order. It is can be seen that the oscillating part ofequal to 2. For the parameters under consideration this
the magnetic field72) is proportional to the small factar>  amplitude is approximately 0.1 of the homogeneous part of
compared to the main term. Therefore, a wide laser pu|sgnagnetic field in accordance with the simulation result.

generates mainly a homogeneous magnetic field in its wake. The numerical code, however, allows simulation of more
intense laser pulses. Figure 3 illustrates the normalized mag-

eB age?

__ 205 2 -2a%p%rq _ 2 4 2
mecwy 5 @ pe {1-10a“+12a%p

VI. SIMULATIONS

0

A new fully nonlinear, relativistic, two-dimensional par- 2 VAR
ticle codewake,?® which has been developed to simulate - TE !
laser pulse propagation in an underdense plasma for high g 2L
values ofay, was applied to calculate the magnetic fields [ .3 E
generated both inside the pulse body and behind it in the T 2
wake region. The longitudinal envelope of the pulse was c
taken of 1the form(59), where the valué was assumed to be S E
L=10k, - or k, =0.62&,, henceforth. B ) <RI AN AU N A A AR B

Th('a) results for a lqarrow laser pulse with=22.22 0 : 10 kl?g 0B
(kpr . =0.3) and with relatively low intensitya,=0.04) are 0 !

shown in Fig. 1. The plot shows the magnetic field versus
kpé taken for radial variable =0.14, where it has the maxi- 0,2
mum magnitudesee inset in Fig. \lin the wake region. It is

:

8
seen that, in accordance with the analytical prediction, in the g 04
wake region there is a homogeneous azimuthal magnetic fﬁ 0,6
field as well as an oscillating one with wave vectd,? that = 08

L I L L

is, with wavelengthA /2, where\ is the plasma wave-

length. -1
In order to make a quantitative comparison between

simulation and analytical theory we have used E§%) and

(68) to calculate the magnetic field and verified that therg. 3. The magnetic field for a wide laser pulde,r,=6.28) and for(a)

agreement with the simulation results is very good. ay=1 and(b) a;=2.

N I A ST I AR A
10 15 20 25
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[
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)
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netic field as a function of the longitudinal coordinate for
two pulses with the same widttk,r =2= or a?=5.07

X 10™2), but with different dimensionless peak amplitudes
ag. Forag=1, Fig. 3a) shows that the magnetic field has a
form analogous to that in the caag<1 (Fig. 2. The agree-
ment between theory and simulation is still surprisingly good
here, since using72) beyond the limit of its validity fora,

=1 we obtain for the maximum value of the normalized
homogeneous magnetic field behind the pudgéimco,=
—3.3x10 2 while the simulation gives-3.6x10 3,

For a peak amplituday=2, the simulation in Fig. @)
differs from the results of the analytical theory in the sense
that the magnetic field oscillations in the wave region have!G- 4. The normalized steady current densityj, and pulse intensity
no harmonic form and their periodicity does not correspond2(#) Versus dimensionless radial variale
to 2k, . We think these effects reflect the nonlinear form of
the wakefield generated by such an intense laser pulse. We
verified, however, that in the frame of the moving pulse thegenerated by a wide laser pulse. In accordance wit{(E),
electron flow in this case is still laminar in contrast with the we obtained

narrow pulse case fay>0.2. i,= —jo(1—2a2p?)exp — 2a2p?), (73

where

VIl. CONCLUSION
jo=(engcaag/d)sinf(k,L/2)[ (K, /k )2—1]"2

In this paper, we have presented a theory and simula- . . .

. paper, we presen y Is the current density on the wake axis. Figure 4 shows the
tions of the quasistatic magnetic field generated by a short . o : )

. . : - radial variation of normalized current density as well as the

laser pulse in a rarefied plasma. On the basis of the relativ- . : 12 " L

- , . . normalized laser intensitya|?. It is seen that in the vicinity

istic electron fluid equations and the Maxwell equations, we ) . . L

i . of the pulse axis the current is negative. This implies that the

found, in the fourth order of a perturbation theory, the qua-

sistatic current and solved the equation describing the Selﬁlectrens flow in the direction of pulse pr_opaga_\t_lon. How-
o o . ever, in the edge of the pulse the current is positive and the
generated magnetic fields. In the limit of small ratig-(c)

. . . .. electrons move in the opposite direction. The total steady
(vg andc are the electron quiver velocity and light velocity, : . .
: . . current in the cross section of the plasma wake is zero.
respectively the analytical results are in very good agree-

: : . ; ; The magnetic field considered here is able to influence
ment with the results of two-dimensional particle simula-

. . i ; the movement of accelerated electrons in the laser wakefield
tions. Numerical simulations were used also to treat the case 79223 ; . .
#/2223 especially in the case of intense laser

. . accelerato
of intense laser pulses witiv£/c)=1, ulses when the normalized amplitudg exceeds unit
It is interesting to pay attention to the physical mecha-> b Y-

. : . Though the study of electron trajectories in the electric and
nism responsible for generation of the homogeneous compo-

nent of magnetic field in the region of a plasma wake. As itmagnetlc fields of the wake of an intense laser pulse is be-

is seen from Eq(39) this component of magnetic field is yond the scope of the present paper, simple arguments show

enerated by the curl of the second-order averaged curre% at the magnetic field has a beneficial effect on the acceler-
9 y 9 ated electrons. As noted above, the azimuthal magnetic field

produced by the plasma wake. The problem of the steadys always negative. Therefore it has a focusing effect on rela-

nonlinear current driven by a longitudinal plasma wave is an; . . - : . ;
y 9 P IA{|V|st|c electrons injected in the wakefield, which feel the

old one(see, e.g., Ref. 21 and the literature cited there . .
. . : . pinch force due to the nonlinear current of the plasma wave.
It is well known that in the hydrodynamical description a . :

lane olasma wave produces both a nonlinear CUBRNL. In the case of Fig. @), the homogeneous normalized mag-
P q Ip wave pl dl.J q i ! UBBIN,  hetic field is of the order of-0.07 in the wake while the
anl aiso inl o.pposrllte]}{ Irected non mrear C“”‘*‘t".“"z €X~ normalized radial electric fielde( /mcw,) of the plasma
ac:jy ann |hat|n? the |r§t one. Hejre tI € .quantltlelz Vi, wake oscillates between0.19 and 0.17. As a positive radial
an |V2 are the e ec;ro? ensgy an \(/je oglty pertur a_ltlolns 'rr‘aqectric field and a negative azimuthal magnetic field focus
aplasma wave of the first and second order, respectively, ang, \o|asivistic electrons, we conclude that the self-generated

the overber means temporel averaging. This annihilation OCﬁwagnetic field significantly extends the focusing part of the
curs also in a strong nonlinear plane plasma wave, Wherﬁlasma wake

only the relativistic nonlinearity is present.
The plasma wake considered here, however, is a radially
limited plasma wave and may be interpreted as a Wa\’_e_be?WCKNOWLEDGMENTS
rather than a plane plasma wave. In this case the annihilation
of the averaged nonlinear currents is no longer local but oc- One of the authordL.M.G.) would like to thank the
curs over the total beam cross section. French Minister of Education, Universities and Research for
To support and illustrate this statement we used Am-an invitation to work in France, the University Paris-Sud in
pere’s equation and found the current density profile that isOrsay, for their hospitality, and especially Professor G. Mat-
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This work was supported in part by the Russian Foun-  Using Egs.(Al), (A6), and(35)—(36), we obtain that the
dation for Basic ReseardiGrant No. 94-02-03847in part  contribution of the second-harmonic terms in quasisteady

by INTAS (Contract No. 94-0870 current, which we denote 3s,, has the form
—  3ecn, w} 1 c?
1=~ 158 2% 2 |4+6_2(a2AL a*?
APPENDIX A: CALCULATION OF j; “p
Here we calculate that part of the quasisteady curjrent +a*?A, a% ]|, (A7)
that appears in Eq27) due to second-harmonic terms. Using
Eq. (34) we find that Eq.(33) becomes whereeg, is the axial unit vector. It is seen that the current
(A7) contains the small factoraf,/ w)? as compared with
o) wi | i ga the current(37).
T | L BT ey
3 282 APPENDIX B: CALCULATION OF j,
Ja ) )
aparTa g 2lett2ikzy oo (A1) We consider here the quasisteady component of the cur-

rentj,, denoting it ag,. Equation(28) contains the general
Substituting (A1) into the expressiom\¢, we obtain, by factorq, determined by the expressi¢®9). It is evident that
means of(35)—(36), the zero harmonic in the current arises only from those terms
in the curved brackets of Eq28), which contain also the

w? - w? (1 0a® 18 multipliers e*('~k2  Tg take into account such terms we
Ado=- 1602 4ka| 1+ A2 —4ik o ot Tk first find the quantityg,. Using the definition(26) and Egs.
(32) and (A1), we obtain
k 9%a? 3k? g%a? g2
w NIz w? a2 a U= Upot (Gpe” 2“2+ c.c) (BY)
’ ’ where
X e dwtt2ikzy o ch (A2)
c t
—- _ 4 ’ 2
From Eq.(30) and the dispersion law?c?= w?— v}, we Q20=~ 3 VJlmdt cod wy(t—t)][a(t’,n|%, (B2)
obtain
1022 19 1054 q ¢ 2wkea? ikezé512 iw Va2
a a? w a® == |2w - ——lw
4z g ubint (A3) 227 16w? at
w dt Koz Kooz
- . ke, [ 9%a? 10
Substituting Egs.(31) and (A2) into the second har- ——= | == wga —Z_vVva2 (B3)
monic part of the formg?—c? A ¢/ w3 involved in Eq.(27), 20 | dt 2 at
which we denotes,, we find In accordance with Eq¥B1)—(B3) and (29) the first har-
monic term in the produa;-q, has the form
a? w? k2c?\ 3c?k? d%a® c%k d%a?
%517 02 |1 202 160" T2 iz (G1-0p) =be @ 24+ prelotrikz (B4)
2 where the bottom index indicates the number of the har-
+ a2 Aa?|e dlettaikzy ¢ ¢, (A4)  monic, and
It is important to emphasize that 8 the zeroth-order terms b= 3(a:gaot a* -02). (BS)
are reduced and consequently expres$ff) contains only By means of Eqs(34), (35)—(36), and(B4), we find
second-order terms.
Equation(A4) may be simplified also by means of the t
equation A" dt sy t-t) ) )l
ga? da?
_ wp 10b db
St tve 5, =0 (AS5) :_w_H k2b+2|k2(——+EE)+Ab
which is the consequence of E@O). As a result of its ap- 5 9 9
o i 4k bk b _
plication, we find + = w2b—3—| |e-iottikzg ¢ ¢
o toz o?|"P at?
1 . :
$,= (3w, 2324+ ¢?2 A @?) ——— e 2ett2kzi oo (AB) (B6)

1607 We consider the first-order term in EB6). According to

whereA, is the transverse part of the Laplace operator.  (B5), we have
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1ab+1ab_1 1(9a+1¢9a 1 9a*
koz wat 2|90 kaz 22| 5
N 1 ga* 1 90,9 1 9020
w ot) “\k 9z w gz
14995, 1490,
+a* k 97 —+ Z _(92 . (B7)
Using Eq.(30) and the dispersion law, we obtain
1aa+1 ga_ 1 o) sa a8
kKizt oz Ko iz B8)

This means that the first two terms({B7) contain the addi-
tional small factor (uf,/wz) and may be omitted as terms of
third order. The third term ir(B7) also contains the small
factor (wg/wz). Really, we have, in accordance wi(B2)
and(A3),

190z _
w Jt

17z
k 0z

c t
7 VJ,xdt, cog wp(t—t")]

a%(t',r). (B9)

X| o=+ ——
(kaz wot’

And finally, the last term if{B7), as it is seen from Eq$B3)
and (B6),
(wp/w)z. Then, the leading-order term in E@B6) is, in

it.
Using Egs.(B4) and (B6), we find for the difference

receives also the additional small parameter

2

S=qi- %2- Ap=Sy+ (S, dett2kzpc g, (B12

P
whereSy=|a?|/2—c? A ¢o/w} and the valuess, andS, are
determined by Eq432) and(A4), respectively. UsingB12)
we obtain the first harmonic terms in the expressigrV S
and perform the temporal integration according3d). Mul-
tiplying the result byq,, we find the zero harmonic. The

main contribution in the curren®28) appears in the form

. C €Ny
2= 8(1)

(a VSO)+a—(a* V) |. (B13

APPENDIX C: CALCULATION OF G;, FOR a<1

In the general case, by substituting the functi@6g)
and(63) into Eq. (55), we obtain two kinds of integrals,

3n=l1(p) f dx x2"K ;(x)e 20"
P

+Ky(p) fpdx XN (x)e 203 (C1)

0
wheren=1 or 2. The integrall, is expressed through the
integral J; by means of the operatiod,= —dJ;/d(2a?).
Hence, for all calculations it is sufficient to know the integral
.Jl In the case of a wide pulsexf<1), it is convenlent to
represent the integrdy in the form of a power series in®

reality, a term of the third order, and it is permissible to omitIt may be done as a result of repeated integration by parts,

f dx 32K (x)e™ 2%

- . . p
arising from the first and second terms in the curved brackets

of Eq. (28),

c? t _
(d1-02)1— . Af dt’ siMep(t—t")][gy(t")-0x(t") ]y

p —
202\ 2
= b( 1— 7 + ;2' Ab
4ke? b c*k? o} c?k? 9%b
0w ZIt 0 o? 0t ot (B10)

It is seen that the main zeroth-order termgB10) are

reduced, producing a term of second order. This circum-

stance permits us to consider in expresdiBB) for b only
leading-order terms,

1 ’ 2
b= 6 ZCan dt’ co§wp(t—t")]a(t’)]

kc
+— a’a’ (B11)

The conditionV-gq;=0 implies, according to(29), ika,
=—V,-a. So, both terms i(B11) are of first order with
respect to parametde 'V, and Eq.(A10) contains only
terms of third order and can be ignored.

The last term in Eq(28) has the multiplier considered
earlier,
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o0

=3 (—4a?)"p* Ky n(p)e 2, (€2
n=0
and
p
J dx ¥l y(x)e" 22 = Z (4a®)"p2 My, (p)e20P°
0
(C3
Substituting(C2) and (C3) into (C1), we find
_ 2 2
=2, (4a)"p? e 2 [(= 1) 1(p)Kz s n(p)
+Ki(p)lo1n(p)]- (C4)
The recursion relations for the Bessel functidfs,
KomKoot 22K 1 | (C5)
v+1 v—1 p v v+1 v—1 p v

permit one to compute all the terms in the square brackets of
Eq. (C4) knowing the first one,

1
[1(p)Ka(p) +Ki(p)lo(p)= 0 (Co)

Limiting expansion(C4) to the two first leading terms, one

finds

J,=pe 27 [1-16a%(1— a’p?)]. ()
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