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Motion of Scroll Wave Filaments in the Complex Ginzburg-Landau Equation
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Explicit asymptotic analytical results are derived for the motion of scroll wave filaments in the
complex Ginzburg-Landau equation. Good agreement with numerical tests is obtained. The analysis
highlights the necessity of allowing for previously ignored small wave-number shifts in the propagation
of the waves away from the filament. [S0031-9007(97)02618-5]

PACS numbers: 82.40.Ck, 47.32.Cc

Rotating spiral waves are observed in a variety ofin Keener's general theory are expressed in terms of inner
physical, chemical, and biological settings including theproducts with solutions of the adjoint equation, which
Belousov-Zhabotinsky (BZ) reaction, thermal convectionhas never been solved. In our paper, by focusing on the
in a thin fluid layer, slime mold on a nutrient-supplied simpler CGLE, we are able to deriexplicitresults and to
medium, and waves of electrical activity in heart tissuequantitatively test them numerically. Our solution, while
[1,2]. While much attention has been devoted to spirahdopting some of Keener’s techniques, also makes evident
waves in two dimensions, there has also been increasirggdefect in the hypotheses utilized in the previous theory.
interest in the study of spiral waves in three dimensionsn particular, we find that it is necessary to include the
or “scroll waves” [2]. The simple point singularity or possibility of wave-number shifts in the propagation of
“defect” at the center of a two-dimensional (2D) spiral the spiral wave away from the filament.
wave now becomes a line defect known as the scroll Our result for the filament motion (derived subse-
wave filament which can be straight, curved, closed taquently) is R, -n = (1 + 8%k, R, - b =0. Here
form a loop, knotted, or interlinked with other loops. The R(s, r) denotes the position of the filament parametrized
scroll wave can be given a “twist” by allowing for a by the arclengths along the filament. The subscript
relative phase difference of the spirals along the filament: denotes differentiation with respect to time, is the
Scroll waves have been observed experimentally in theurvature of the filamentn is a unit vector pointing
BZ reaction [3], in slime mold [4], and they are also towards the center of curvature, abdis a unit vector
believed to occur in the heart [5]. For a large class ofperpendicular to the filament angt b = t X n, where
extended systems in the vicinity of a Hopf bifurcation,t = dR/ds is the tangent vector; see Fig. 1. The
expansion of the relevant equations [6] leads to a universajuantitiesn, b, and « depend ons and . The above
equation called the complex Ginzburg-Landau equatiorequation forR; is valid when the radius of curvature of
(CGLE), the filament is much larger than the filament core radius

(the core is the region of rapid rise in the amplitudé
0A/ot = A — (1 + ia)|APA + (1 + iB)V?A, (1) surrounding the defect). We denote the ratio of these
) i lengthse and regard it as a small parameter.
where A is a complex scalar field, and and g are As a test, consider the case of a circular filament of

real parameters. (For example, in a system of diffusingagiusr for which our equation foR; yields
chemically reacting constituents, a nonzep arises

due to unequal diffusion coefficients of the chemicals.)
Equation (1) exhibits spiral waves in two dimensions and

scroll waves in three dimensions. In t_hi's paper, we s_hal{Ne have tested (2) for untwisted scroll rings using a
study the fundamental problem of obtaining the dynamical,;merical simulation of the 3D CGLE. The numerical
behavior of a three-dimensional (3D) CGLE scroll waveg-heme uses a splitting technique whereby the CGLE is

filament [7]. , . evolved in two steps. The first step involves integrat-
In a pioneering work by K_eener [8], analysis teghnlquesmg forward the equatiomA/ar = A — (1 + ia)lA]A,
and results for the evolution of scroll wave filaments

for general systems of reaction-diffusion equations were

formulated. The results are based on certain hypotheses wavefront
concerning the asymptotic form of the solution and the
number of solutions of an adjoint equation that results
from the analysis. Quantitative tests of the theory against
numerical or laboratory experiments have never been
made in the generic case of unequal diffusion coefficients
[analogous tg8 # 0in (1)]. This is because coefficients  FIG. 1. Axes for the filament-based coordinate system.

dR/dt = —(1 + BY/R. 2)

filament
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which can be solved exactly. The second step involvespecifies the asymptotic wave numblgr via the plane
integrating forwardA/dtr = (1 + iB)V?A. Using peri- wave dispersion relatiom = a + (8 — a)k>.

odic boundary conditions in rectangular coordinate space, We now introduce the filament-based coordinate sys-
this is done by Fourier transforming to wave-numbertem [8]. A position in space is represented using the co-
space, doing the integration, and then transforming backrdinatess, x, andy asX = R(s) + ¥n(s) + yb(s) (see

to real space. Equation (2) predicts tiRdtr) = R>(0) —  Fig. 1). The vectors,n, andb are related through the
2vt with » = 1 + B2. Figure 2 showskR? versust for  Frenet-Serret equations,

a = 0.5andB = —2.0. The measured value for the col- JR dt dn

lapse rate coefficienty = 5.2 = 0.1, agrees very well —=t, —=xn, — = —kt+7h,

with the predicted value of = 5. We have measured ds ds ds

v for other values ofx and 8 and have obtained excel- b _ —7n. %)
lent agreement with the theory [9]. The simulations also ds

agree with the theoretical result that, to first order in th
curvature, there is no motion of an untwisted scroll rin
parallel to its axis.

We now outline the theory used to derive the equation
of motion for a slowly varying CGLE scroll wave
filament. The specific quantities of interest are th
“collapse” rate(R; - n), “drift” rate (R, - b), frequency
shift, and wave-number shifts. The perturbation method
we employ follows t_he framework of [8] in WhI.Ch the and the Laplacian as
scroll wave problem is treated as a small correction to the
2D spiral wave solution. The single-armed spiral wave
solution of the 2D CGLE is of the form VA = H(HA) — 1 — k% 0% + 952 + 952" (6)

®The torsionr measures the degree to which the filament
Yis nonplanar, with a circular loop, for instance, having
zero torsion while a helix will have nonzero torsion.
She Frenet-Serret equations can be used to express the
egradient as

VA = (HA)t + (0A/0%)n + (0A/0y)b, (5)

K A | PA | PA

Ao(r,0,1) = F(r)expli[—wot = 6 + ¢(r)]}. (3) The operatotd is given byHA = (1 — «%)"'(9A/ds —

TdA/d6), where 6 is the polar angular coordinate in

Looking at the+# term, one sees that the phase changéhe %-y plane. [The1/(1 — k%) term in the above

of Ay around the origin is-27. The plus or minus sign equations is singular & = 1/« reflecting the fact that

is the “topological charge” of the defect at the origin. the coordinate system is only valid locally.] Allowing

Since the phase is undetermined at the defect, continuitipe coordinate system to move with the filament means

requires thatd, vanish at the origin. The real functions replacingdA/adt with

F(r) and ¢(r) have the following asymptotic behavior:

0A 0A 0A
F~r ~rasr—0andF — /1 — kj, ¢’ — ko as o7 X tHA—R,-n-— — R, 'bg
r — . The prime signifies differentiation with respect oA
to r. The frequencyw, is determined uniquely by the —n; b 30"

parametersa and B8 [10,11]. This, in turn, uniquely
where the subscripts denote time derivatives of slowly
changing quantities, anN, = R, + %n, + 7b,.

400 T ' ' ' ' ' ] We write the perturbed solution in the form,
350 - 7
300 - — A = [ao(r) + u(r,0)]
250 — X expi[—wot + 0 + ®(x,¥,5,0)]}. (7)
2, [ ]
R™200 T _ Here, the radial dependence 4§ in the x-y plane has
150 [ . been written as(r) = Fe'?, and for simplicity we have
100 B _ chosen the positive sign in Eq. (3). The complex function
- 1 u is a correction to the 2D solution which we take to be of
50 - ] the order of the smallness parameter The real function
ob——1 v v 1111 R & depends slowly on, 7, and the transverse coordinates,
0 5 10 15 20 25 30 35 40 X = rcosh,y = rsingd, and corresponds to the fact that
t the basic 2D spiral solution is invariant to a change of
FIG. 2. R? vs time for @ = 05, 8 = —2.0, R(0) = 6, phase. As will become clear upon our subsequent expan-
side length = 407, grid size = 128°, time step = 0.1. The  sion of (1), the functiond can be split into three pieces:
line is a fit to the data. one constant ir®, one varying as cag, and one varying
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as sind. To linear order inr, we write® = —¢(s,) +  origin because the phase singularity at the filament
Ok, (s,t)r + Oky(s,t)rcosd + Sky(s,r)rsind, where requires thatA be zero there. For both the rotational
the wave-number shifték, . , depend slowly onr ands,  and translational equations we require that the solution
Okyxy = Okyxy(s,1). [In contrast with (7), the ansatz obtained by integrating out from the origin can be
for the perturbed solution used in Ref. [8] omits the matched with that obtained by integrating in from infinity.
dependence ofb on the transverse coordinaté&sand We first consider the translational perturbation equation.
y.] We find that the inclusion of the wave-number shifts To begin we examine the asymptotic forms of the solutions
Ok, is necessary because small changes in the phas¢ the homogeneous equatidiyU = 0 as r — 0 and
gradient will, for large enough, cause large changes in as r — «, whereU = (U, U-)". For smallr, ag ~
A that cannot be absorbed by the small correctionThe  r and so the dominant terms ity and U_ can be
derivative ofe with respect to arclengthy;, is the twist, found from (V2 — 4/r?)U. = 0 and V2U_ = 0. This
and the time derivativep,, represents a frequency shift. yields four independent solutions to the homogeneous
We can now derive the perturbation equation. Theequation near the origin whose leading order components
following ordering is chosent, ¢, ~ O (¢'/?) and«k, r,, areU; ~ r2, Uy ~ 1/r2,U- ~ const, andi_ ~ Inr,
®ss, U, Xy, @1, Oky, 8ky, 6k, ~ O(e). When (7) is respectively. Only the solution witt/; ~ r2, which we
substituted into the CGLE (CaSt in the filament COOfdinatQjenote asU(<l), satisfies the boundary condition at the
system), theD (&) equation can be decomposed into two grigin.
independent systems of ordinary differential equations As r — o, gy ~ ", Substituting U, ~ elko+Vr

by writing u = ug + uie’® + u_e" (up,- depend andT_ ~ ¢~ *Ar into the larger homogeneous equa-
only on r). One set of equations, which we call the tion, one finds that the resulting characteristic equation
rotational perturbation equation, containg, the twist, gives four roots: a = 0 root corresponding to a solution

ftorsion, frequency Shift, and radial wave-number Shift, angyith an asymptotica”y constant magnitude which we de-

IS note byU(>1), and either three real roots or one real root
lo m\{u\ [ iCqag + i(1 + iB)6k,vg and a pair of complex conjugates, which in either case
m Iy J\u) \ —iCeap — i(1 — iB)6k, vy )’ correspond to two exponentially growing solutions and
one exponentially decaying solution. Only the latter, de-
8) noted byU(>2), is acceptable.
_ AT 2 We can now construct the general forms of the solu-
Co =g+ (L ip)lilps + 1) (@os + 79)] tions to Eq. (9) that are to be matched at some distance
- R;tlgy +7) +n; - b, r = r*. One solutionnr<, is obtained by integrating the
_ ) equationL;Ur = vy out in r, starting atr = 0. The in-
where ,CH is  the complex. anJUQate of Cs,  tegration is not actually performed, as it will suffice for
vo = %ao + a%/r, om=(1+iaay, I > —(I+  our purposes that it can be done in principle. The con-
l/g) (Vrz_ 1ér ) = (iwo + 1) + 2(1 + ia)laol®, and gition thatus— vanish at the origin means that it will
Vi =d?/dr* + r~'d/dr. The second system, which pe 3 [inear combination of the homogeneous solution,
we Sall the translational perturbation equation, contaln%g), and the particular solutionSU(<+) and U(<_), sat-
uy, u—, the curvature, the collapse and drift rates, and the " ) T =) o
x andy wave-number shifts. It is isfying LyU< " = (v+0)", and LyU< " = (Ov-)", with

U<+)(0) = U<_)(0) = 0. The most general form of the so-
<l+ m ) (m) <C+v+ ) (9) lution for » < r* is, therefore,

m 1- )\ u- C v
ure = 8U0Y + c,ut + cul, (o)
wherev, = a — ao/r,v- = ay + ao/r,l+ = —(1 + r< th ths< —vs<
' 2—4/r?) = (iwg + 1) + 2(1 + i 2 . .
;’B)Z(V’_(l i/ztB;W El E‘;Z}O +1)1) +22((11 i liczy))llc;()ollz’ .?ﬂg whereB; is an as yet undetermined complex constant.

The solution obtained by integrating the translational
perturbation equation in from = o, ur~, must remain
finite asr — o, and is written most generally as

coefficients on the left side of (9) areC. =
(Cy — iCy)/2 andC- = (C, — iC,)/2 with

C, =R, n+ (1 +iB)Qisk — k),
Cy =R, -b + 2i(l + iB)5k,.

ur~ =0, + p,u? + c, v

+cut), @i
We can write (9) more succinctly ds,u; = vy, where where D, and D, are+unkn0W[1 complex constants. The
ur = (uu )T, particular solution’"” andUL” are defined in a manner

Our two sets of perturbation equations are combine@nalogous th(<+) and U(<_) except that we require that
with boundary conditions by noting that the perturbationthey be bounded at infinity. This requirement is enforced
u is bounded asr — «, and thatu vanishes at the through the imposition of a solvability condition. Taking
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the larger asymptotic form ofur to be uy ~ pye” Equations (15)—(17) are our main results.
andu_ ~ p_e o we find from (9) as- — o that there We note that if the wave-number shift is not included
will be no nontrivial solutions for the constants. and in the theory (as in [8]) then one can obtain an expression
P _ unless the inhomogeneous terms satisfy for the collapse rate directly from the solvability condition
that imposes boundedness on the perturbation at infinity,
0=(01-ia)C+ + (1 +ia)C-. (12)  without consideration of the boundary condition at the

This is the solvability condition. The real and imaginary ©rgin. If one were to (erroneously) s&k, = 0, Eq. (13)
parts of (12) yield one relationship between the collapsdvould imply that the rate of change for the radius of

rate and the: wave-number shift, a circular ring isdR/dt = —(1 + a8)/R; a result that
would allow for expanding (whew 8 < —1) as well as
R, n=(1+ aB)xk +2(B — a)bk,, (13) collapsing rings. The same result was obtained using a

: different theoretical approach in [12]. Our data clearly
an_d one between the dift rate and thevave-number contradict this result (for example, for the parameters of
Sh{j\t/’eRa(.)v:/) ;nzf)’sge_thcé)arlecy.uirement that our squtionsFig' 2,(1 + %) =5 while (1 + ap) =0).
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